In this paper, we focus on the numerical investigation of the vircator with a controlling emission from a field-emission cathode. The external harmonic signal is added to the accelerating electric field in the beam formation region and effects on the beam emission process leading to the electron emission modulation. As a consequence, the beam is injected into the drift chamber of the vircator being density-modulated. The strong influence of the modulation parameters (modulation depth and frequency) on the characteristics of virtual cathode oscillations has been discovered. We have shown that the tuning of the modulation frequency to the harmonics of the basic frequency of virtual cathode oscillations leads to the considerable power increase of its higher harmonics in the output spectrum.
Introduction
The microwave generators with a virtual cathode (VC) -virtual cathode oscillators (VCOs, vircators) -are the perspective devices of vacuum and plasma high-power microwave electronics for the generation of the impulses of microwave radiation due to their high output power, a simple construction (particularly, vircators can operate without the external focusing magnetic field), the possibility of a simple frequency tuning and regime switching (tunability) (Burkhart et al. 1985; Sullivan et al. 1987; Hoeberling and Fazio 1992; Gold and Nusinovich 1997; Dubinov and Selemir 2002; Benford et al. 2007; Liu et al. 2008; Hramov et al. 2012; Clements et al. 2013; Kurkin et al. 2013) . The operation of VCOs (vircators, virtodes, reflex triodes, etc.) is based on the formation of the VC in the electron beam with overcritical current (Mahaffey et al. 1977; Sullivan et al. 1987; Kostov et al. 1993 Kostov et al. , 1999 Benford et al. 2007; Hramov et al. 2010; Verma et al. 2014) . At the present time the increase of the efficiency, the power and the generation frequency (the advancement to the sub-THz range) of a vircator and the development of the methods for the control of its generation characteristics are the actual problems of a modern plasma physics and high-power microwave electronics. Such problems are closely associated with the possibility of the various applications of vircators (the problems of electromagnetic compatibility, technological processes, impulse radiolocation, etc.) (Sullivan et al. 1987; Dubinov and Selemir 2002; Benford et al. 2007 ).
The early researches of the vircators with external resonance systems have shown (Gadetskii et al. 1993; Jiang et al. 2004; Shao et al. 2005; Kovalchuk et al. 2010; Shlapakovski et al. 2012; Yang et al. 2013 ) that the effective approach for the improvement of vircator characteristics is the introduction of the velocity (Anfinogentov and Hramov 2001; Jiang et al. 2004; Shlapakovski et al. 2012; Yang et al. 2013; Phrolov et al. 2014) or density (Gadetskii et al. 1993; Yang et al. 2013) modulation of the electron beam in such generators. The use of the electron source with the emission modulation is the effective method for the realization of the deep density modulation of a beam in the interaction space by means of a relatively low-power external signals (Dzbanovskii et al. 2005) .
At the present time, the field-emission cathodes (Spindt array, Latham emitter et al.) are widely applied in high-power microwave electronics and, particularly, in the design of relativistic vircators due to their undoubted advantages (Rozhnev et al. 2002; Benford et al. 2007; Krasik et al. 2009; Shlapakovski et al. 2009 ). So, the investigation of the influence of the emission modulation and its parameters on the generation characteristics of the relativistic vircator with the field-emission cathode from the point of view of the possibility of the vircator characteristics (efficiency, output microwave power, generation frequency, tunability) improvement is the actual problem of high-power microwave electronics. The emission modulation in the system with the field-emission cathode may be realized by means of the addition of alternating modulating voltage to the accelerating one in the region of beam formation (electron gun) (Dzbanovskii et al. 2005) .
In this paper, we show for the first time the results of the numerical study of the modulation parameters influence on the oscillations characteristics of the VC in the weakly relativistic vircator (Kalinin et al. 2005; Gursharn and Shashank 2008; Filatov et al. 2009; Kurkin and Hramov 2009; Kurkin et al. 2011 ) with the controlling field-emission electron gun within specially developed 2.5D numerical model.
General formalism
Let us consider the model under study (see Fig. 1 ). It consists of the closed finitelength equipotential cylindrical waveguide region 1 of the length L and the radius R (the interaction space of an electron beam or drift space) with the transparent grid electrodes 2 and 3 at the both ends (Hramov et al. 2010 ). An axially-symmetrical density-modulated solid electron beam 4 with the current I (t) and the radius R b is injected at the velocity v 0 through the left (entrance) electrode and then may leave the system through the right (exit) electrode or through the side wall of the interaction space. As we consider the field-emission gun with the emission modulation, the time dependence of beam current density J (t) at the entrance plane of the model is defined by the Fowler-Nordheim law where the accelerating electric fieldẼ consists of a constant part and the modulating addition that varies with time harmonically (Stern et al. 1929; Dzbanovskii et al. 2005; Forbes 2008 ):
Here ϕ e is the work function from the cathode, a and b are determined by the geometry of the model and the work function (we suppose that the material of the cathode is molybdenum). The emission of electron beam into the system occurs from the array of elementary emitters that corresponds to the Spindt-like cathode. The instantaneous current of the beam is determined as I (t) = J (t) * S ef , where S ef is Figure 1 . The scheme of the investigated vircator model. Here 1 is the cylindrical drift space, 2 and 3 are the entrance and the exit transparent grid electrodes respectively, 4 is the density-modulated solid electron beam, 5 is the broadband helical slow-wave system with the absorbing output insert 6. B is the external uniform focusing magnetic field, VC denotes schematically the VC area reflected part of electron beam back to the injection plane (anode).
the total area of all microemitters. The plasma effects are not considered within the framework of this paper. The external uniform focusing magnetic field with induction B is applied along the longitudinal axis of the waveguide. The power of VC oscillations in the model is supposed to extract via a broadband helical slow-wave system 5 loaded on the absorbing output insert 6 (Kalinin et al. 2005; Hramov et al. 2010; Kurkin et al. 2011) .
We have considered the time-dependent 2.5D numerical model in which the dynamics of the electron beam in the interaction space is described by the selfconsistent set of Vlasov and Poisson equations (Birdsall and Langdon 2005; Antonsen et al. 1999 ). The Vlasov kinetic equation for the electron beam motion analysis is solved numerically by the particle-in-cell (PIC) method (Birdsall and Langdon 2005) . The potential distribution in the interaction space may thus be obtained easily by numerical solving the Poisson's equation in cylindrical geometry (Birdsall and Langdon 1985) .
The equations describing the dynamics of the considered model are formulated in terms of the dimensionless variables of the potential ϕ, the space charge field E, the induction of the external magnetic field B, the electron density ρ, the electron velocity v and impulse P , the spatial coordinates z and r, the time t and the frequency f :
Here the primes mean dimensional values, η 0 = e/m e is the specific charge of electron, v 0 and ρ 0 are the longitudinal velocity and the space charge density of the electron beam at the entrance, respectively, and L is the length of the interaction space.
In cylindrical geometry, the particles that model the beam space charge dynamics have the form of charged rings. In terms of dimensionless values (2.2) the equations of motion in cylindrical coordinates for each charged particle are written as
Here, z i , r i , and θ i are the longitudinal, radial, and azimuthal coordinates of the charged particles, P zi = γż i , P ri = γṙ iè P θi = γ r iθi are the longitudinal, radial, and azimuthal components of the particles impulses, E z and E r are the longitudinal and radial electric field components, β 0 = v 0 /c, where v 0 is the initial velocity of the electron beam and c is the light speed. The subscript i denotes the number of particle and N 0 is the full number of charged particles using in the simulation. The potential distribution in the interaction space is calculated self-consistently by means of Poisson's equation
where
is the dimensionless control parameter which depends on beam current as α ∼ √ I and is proportional to the length of the interaction space as α ∼ L. Here V 0 is the constant part of the accelerating potential. Poisson's equation (2.7) is solved with the following boundary conditions
Condition (2.9) implies that the potential of the conducting cylindrical surface 1-3 of the radius R bounding the interaction space equals to zero. Condition (2.10) means that there is no radial component of the electric field at the symmetry axis r = 0 due to the axial symmetry of the drift chamber of vircator. The equations of motion (2.3)-(2.5) are integrated numerically for each particle by the second-order leap-frog method (Birdsall and Langdon 1985) . Poisson's equation (2.7) is solved at each time step on the two-dimensional mesh in cylindrical coordinates. Output microwave signal extracted by the broadband slow-wave system is simulated by means of the conventional equivalent circuit method (Morey and Birdsall 1990; Egorov et al. 2006) .
For the simulation of the beam with the time-dependent initial beam current I (t) the each following part of charged particles is injected in the system not at regular time intervals but the each time moment of particles injection is determined in accordance with the law of the current change with time. In other words, the injection frequency varies with time according to the change of the current I (t).
The basic control parameters of the considered system are the depth of current modulation D = I max −I min I max * 100% (I max and I min are the maximal and minimal values of the time dependency of beam current I (t) at the entrance plane, respectively); the dimensionless frequency of modulation f m , and the value of current supercriticality A = I/I cr that determines the excess of a beam current I over the critical value I cr . The value I cr is the minimum current (the so-called space-charge limiting current) for which the VC formation in electron beam is observed.
Note also, that in the present paper, we consider the nonlinear dynamics of weakly relativistic electron beams. The mathematical model where the self-consistent space charge field is obtained from Poisson's equation does not provide a correct analysis of the system with electron beams with the normalized velocity of β 0 = v 0 /c & 0.5, since it does not take into account the self-magnetic field of the electron beam and the associated beam pinching effects (Gursharn and Shashank 2008). However, for the weakly relativistic beams (β 0 . 0.5) the role of the self-magnetic fields of the electron beam is vanishingly small and may be neglected. Actually, the electron focusing force of the self-magnetic field of the electron beam,
−4 N, is significantly less than the focusing force F r2 = rB 0θi ∼ 10 4 N determined by the external magnetic field and the gyratory electron velocity.
The results of numerical investigation
Using the developed numerical model, we have analyzed the influence of the emission modulation on the virtual cathode oscillations in the vircator with the controlling field-emission electron gun. First of all, let us consider the process of the propagation of density-modulated beam in the system. Figure 2 demonstrates the space-time diagrams (t, z) of the density-modulated electron beam in the vircator and the time dependencies of the radially averaged space charge oscillations ρ(t) at the VC area in the cases of subcritical (a), overcritical (b) and strongly overcritical (c) currents. In the first case one may observe the formation and propagation of the electron bunches (corresponding to thickening of the trajectories the space-time diagrams) along the longitudinal axis due to the density premodulation of the beam injected into the drift space. The minima at ρ(t) dependency correspond to the time moments when a bunch reaches the VC area. The constancy of the trajectories slopes at the space-time diagram indicates that the space-charge forces don't influence practically on the electrons motion in the system, and they move at an approximately constant speed in this case of a low beam current. The time dependency ρ(t) demonstrates periodic behavior with period determining by the modulation one.
With the growth of the beam current when the system switches to the overcritical regime, the pattern of the space-time diagram changes qualitatively (Fig. 2b) . Against the background of the electron beam density modulation the VC is formed in the system and reflects periodically the part of the beam back to the entrance plane. The VC is maximally developed when the beam density in its area is near the maximal value and may disappear (on certain parameters of emission modulation) when it reaches minimum. Also Fig. 2b demonstrates, that a part of the reflected from the VC electrons remains in the system during a few VC oscillations periods. This electrons influence on the VC formation process and provide the additional internal electron feedback loop. The time dependency of the space charge oscillations ρ(t) at the VC area are the double-period in this case, that is the consequence of the presence of two character time scales in the system: the VC oscillations period and the modulation period. Nevertheless, modulation process prevails over the VC oscillations.
With the further growth of the beam current the strongly overcritical regime is established in the system (Fig. 2(c) ). VC is formed close to the entrance plane in this case, and not only when a bunch of density-modulated electron beam reaches the VC area but when the electron beam density is in phase of minimum in this area, that is the consequence of a strong space charge forces. So, the quantity of the reflected particles is larger and the VC dynamics is more complex in the case of strong overcriticality. The both processes (i.e. modulation and VC oscillations) play a significant role in the development of system dynamics in this case. The consequence is a complex (quasiperiodic) behavior of the ρ(t) dependency.
Let us consider the results of the numerical simulation on the investigation of the influence of emission modulation parameters on the generation characteristics of the vircator model. When the modulation is deep (D > 80%) and the current supercriticality is relatively small (1 < A < 3), the spectral composition of output radiation is defined by the frequency of modulating harmonic signal and contains the first, the second, and the third harmonics of this frequency. For example, when A = 2.1, D = 100%, f m = 1.9 (Fig. 3(a) ) the output spectrum contains components at frequencies about 1.9, 3.8 and 5.7, and the ratio of their amplitudes is following: 6 : 3 : 1; the frequency of VC free oscillations f VC (in the system without emission modulation) in this case is about 2.6. Also sideband components of the harmonics of the modulating signal frequency and free VC oscillations frequency may be present in the spectrum at certain parameters, but their amplitudes are low.
So, the breaking (full or partial) of VC formation mechanisms occurs in the model in the case of the deep current modulation (D > 80%) and relatively small values of current supercriticality parameter A (see also Fig. 2(b) ). Electron beam is injected as the sequence of electron bunches in this case with the repetition frequency and density being determined by the parameters of the modulating signal. It leads to the decrease of space charge density in the interaction space and the VC is not formed in the system. This effect is most pronounced for large periods of the modulating harmonic signal. In this case, the space charge decreases significantly during the negative phase of the modulating signal when the injection of new electrons becomes less, so the critical space charge density necessary for the formation of VC is not achieved. At the same time, the modulated electron beam (the sequence of electron bunches) excites efficiently the output electrodynamic system of the vircator (e.g. spiral slow-wave structure) at the modulation frequency and its harmonics. In other words, the external modulating signal imposes its dynamics and breaks the VC formation mechanism that is reflected on the spectrum of output microwave radiation.
VC arises in the system with the deep emission modulation again with the further increase of current supercriticality (see also Fig. 2(c) ). So, when A > 3 and D = 100% the form of output spectrum is changed qualitatively in comparison with the previous case (see Fig. 3(b) ). Besides the components multiple of the modulation frequency, the harmonics of free VC oscillations and their sideband components appear in the spectrum. Note that the amplitudes of this sideband components are maximal in most cases that indicates the strongly nonlinear regime of the system operation. So, when A = 6.4, D = 100%, f m = 0.95 the spectrum of output radiation (Fig. 3(b) ) contains the following components: at frequency 0.95 with dimensionless amplitude 2 corresponding to the modulation frequency, at frequency 2.78 with amplitude 2.5 that corresponds to the free VC oscillations and the component at frequency 1.86 with amplitude 9.7 that is the sideband component of the modulation and free VC frequencies. Also, the output spectrum contains its second harmonic f m = 3.7 with amplitude 3.6. One can see that the highest energy (about 50%) is concentrated in the sideband spectral component f m = 1.86, the remaining part of energy is almost uniformly distributed between other spectral components. Thus, the complex interaction of the VC oscillations (with basic frequency proportional to the plasma frequency (Sullivan et al. 1987; Koronovskii and Hramov 2002; Benford et al. 2007) ) and the electron bunches dynamics with the repetition rate determined by the modulation frequency occurs in the vircator system with the deep emission modulation and the high-current supercriticality. It leads to the appearance of the intense sideband components in the spectrum of vircator output radiation.
Let us note especially the situation of the deep current modulation D > 80% with the frequency equal to the f VC . The output signal spectrum is essentially simplified in this case and consists the first, second, and third harmonics of this frequency which concentrate more than 90% of overall energy. The physical reason of this result is that the electron bunches of the modulated electron beam come to the VC area in the phase with its oscillations. The generation efficiency in this regime increases in comparison with the case of VC free oscillations.
Let us consider the results of the investigation of the vircator system with the emission modulation for less values of the modulation depth (50% < D < 80%) and average values of the current supercriticality (1 < A < 5). In this case, when the modulation frequency is not multiple of f VC the output spectrum is similar to the discussed above case of high supercriticality and modulation depth (see Fig. 3(b) ). The most interesting situation is observed in the system when the modulation frequency is tuned on the harmonic of the free VC oscillations. The significant increase of the higher harmonics amplitudes of f VC occurs in the output microwave signal spectrum, while the first harmonic decreases for such system parameters. So, when A = 4.9, D = 100%, f m = f VC = 2.55 (see Fig. 3(c) ) the amplitude of the third harmonic at frequency f = 7.65 increases by two times, the second harmonic doesn't change practically and the first one decreases by two times approximately in comparison with the case of the modulation absence. Thus, energy is transferred from lower to higher harmonics. Note, it is possible to obtain the rise of power of even higher spectral components multiple of the free VC oscillations frequency f VC by tuning the modulation frequency to the higher harmonics of f VC . This regime of the vircator operation is rather attractive for the multiple increase of its generation frequency, Table 1 . Estimations of the dimensional values of generation frequencies of vircators for different character parameters; here L is the length of the vircator model, R -its radius, R bthe beam radius, J 0 -the peak current density, f m -the modulation frequency, the modulation depth D = 80%, the current supercriticality A = 2.1, the initial beam velocity β = v 0 /c = 0.1.
in particular, for the creation of the modification of generator on VC -frequency multiplier vircator. From the physical point of view, the initial premodulation of electron beam at the frequency multiple of the free VC oscillations frequency f VC promotes its more effective formation, because the new 'portions' of space charge in the form of electron bunches reach the VC area when it is in the phase of charge accumulation. Hence, the beam bunching in the VC area is significantly improved and the harmonics of space charge oscillations rise considerably. The decrease of the modulation depth allows to inject current into the system sufficient for the formation and maintenance of VC. It is known, that VC usually demonstrates complex relaxation oscillations with spectrum rich in higher harmonics , so the modulation of beam at the frequency multiple of f VC may lead to the increase of the amplitude of other harmonic, that we have seen in Fig. 3(c) .
The Table 1 demonstrates some estimations of the dimensional values of generation frequencies for the different character parameters of vircator with the emission modulation operating in the regime with the developed higher harmonics. Suppose, that the length of the vircator model L = 3 mm, the radius R = 0.75 mm, the beam radius R b = 0.375 mm, the initial beam velocity β = v 0 /c = 0.1, the peak current density 2.5 kA cm −2 , the modulation depth D = 80%, and frequency f m = 23 GHz, the external magnetic field induction B = 1 T. Such system parameters correspond to the regime shown in Fig. 3c and the output spectrum in this regime is characterized by the intense second and third harmonics at the frequencies 46 GHz and 69 GHz, respectively.
The table shows that the vircator with the emission modulation working at the second or third harmonic of the VC free oscillations frequency may be considered as a prospective source of electromagnetic radiation in the C-, X-, Ku-, K-, V-or W-band ranges. Its operating frequency is correspondingly in 2 or 3 times higher than the frequency of vircator without emission modulation. It's important to note that when the length of the vircator is less than 5 mm, it may be considered as the micrometer (in dimensions) generator of sub-THz radiation (Siegel et al. 2001; Nation et al. 2014 ). Due to its small dimensions, a number of such generators may be connected into an array (see, for example, (Woo et al. 1989; Hendricks et al. 1990; Sze et al. 1990; Dubinov et al. 2000; Dubinov and Selemir 2002; Filatov et al. 2006; Moskalenko et al. 2013) ) for the significant increase of integral output power.
Conclusion
We have discovered the strong influence of the emission modulation parameters in the vircator on the oscillation characteristics of the beam with a VC. We have shown that the tuning of the modulation frequency to a higher harmonic of the free virtual cathode oscillations frequency allows to increase considerably the power of the higher harmonics in the output spectrum. In particular, such regime of the vircator operation is prospective for the multiple increase of its generation frequency (for the creation of frequency multiplier vircator) and, as the estimations have shown, for the advancement of vircator to the sub-THz range.
